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OUTLINE

= Maximume-likelihood parameter estimation
= Gaussian Mixture Model (GMM)
= Expectation Maximization (EM) Algorithm
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THE PROBLEM

= You have data that you believe is drawn from K populations

= You want to identify parameters for each population

= You don’t know anything about the populations a priori
= Except you believe that they’re Gaussian...
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GAUSSIAN MIXTURE MODELS (GMM)

= Fit a Set of K Gaussians that generates the data

» Maximum Likelihood over a mixture model
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MAXIMUM-LIKELIHOOD ESTIMATION (MLE)

= We have data set X = {x4, ..., x5 }. We have a probability density function p(x; 8) that
is governed by the parameters 6 € 0.

= If we assume x4, ..., Xy are drawn independently from p(x; 8), then the joint
probability density function for X is

N
p(6;0) = | [pxi;0)
i=1

»>We call p(X; 0) the likelihood function (of 8 given X).

= Maximum likelihood parameter estimation:
0" = maxp(X;0)
IS
>t is usually analytically easier to maximize the log-likelihood log p(X; 8).

»For some problems, * can be analytically solved by setting the derivative of the
log-likelihood to be zero.

»For many problems, it is NOT possible to solve 6" analytically.
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MLE FOR SINGLE GAUSSIAN MODEL

= Suppose the data are drawn from a Gaussian distribution specified by 6 = (u, %),
where u € R™ is the mean and X € R™*™ is the (non-singular) covariance matrix.

»Probability density function:
p(x;0) =N(x;p2) =

L ep (—1<x CWTE(x u))
J2m)m|z] 2

= Given data set X = {xl, o XN where Xq, ..., Xy € R™. The likelihood function is

1 _
p(X;0) = Hp(xu 0) = 1_[\/(2n)m|2| Xp (_E(xi - ) E 1 (x; - ﬂ))

Hence the log-likelihood is given by

1 1
0g (5 ) = N 10g T S =TI - )
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MLE FOR SINGLE GAUSSIAN MODEL (CONT'D)

For single Gaussian distribution, the optimal 6" can be analytically solved by setting

partial derivatives equal to zero.

- Partial derivative over u
U logp(X;0) = NE™H(x — )
where X = %Z’i\'zl x; is the sample mean.
> Setting derivate equals zero = Take u* = x = lZ’i\’:l X;

N
- Partial derivative over X: First rewrite

N _
logp(X;0) = 5 (—log(2m)™ + log|2~1| — Trace(£71Z,))
where X, = % L, —X)(x; —%)". Let 271 = [a;;], then

N (9 log|X2~1] _ N _
( —e/X.e | = > (ef (Z—Z)e;)

logp(X;60) ==

Gaij 2

aaij
> Setting derivate equals zero = Take X* = X, = %Z{\':l(xi — ) (x; — )7
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1 4 -5 -
6 9 2 =1><|9 2|—4><|6 2|+(—5)><|6 J IAI=Z(—1)‘+’GU|AU|
2 3 —6 3 —6 2 —6 23 j=1 i+
9 2 4 -5 4 —5 N aailelz(_l) 4]
_ _ - - — —1\itiqg..14..
=1x|) Z|-ex|t Drax[t F Z( D™ a4y
%jiT
0
P 0
I * 17 0 _ g1
Cramer rule : LetA = XY™, then
Ax:e. x(]): alo |E_1|
- 4| el ze; = —_
lj

) T4 le, = (~D™|Ay| _ alogla
J ' |A| 0al~j
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MLE FOR GMM

= Suppose the data are drawn from K Gaussian distributions specified by 8 = {(my, tx, )} 1)

where m;, € R, y;, € R™, X, € R™™ denotes the prior probability, mean, and (non-singular) -
covariance matrix of the 1< th Gaussian distribution

» Probability density function

K
P 0) = D M (i b £
k=1
where Y x_ m, = 1 _
= Given data set X = ngp o XN} Where X1, - ]Rm The likelihood functionis = -. -
1 -
p(X;0) = 1_[ p(xi;6) = 1_[ Z i exp (— (i = ) B (1 - uk)>
=1 k= \/(Zﬂ)mlfkl 2
Hence the 10g—111<e11hood is given by
N K
logp(X;0) = z log z TN (X5 By, Zy)
i=1 k=1

For GMM, it is intractable to find optimal 6 analytically.
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LATENT VARIABLES IN GMM

= Denote latent variable z; € {1, ..., K} indicating which Gaussian distribution x; is
drawn from.

p(x,z=k;0)=m

k . exp (— L (x—p)TZ  (x - ﬂk))
Vo)™ Z| 2 |

= Denote Z = {z,, ..., zy} as the collection of all latent variables.
= GMM can be applied to clustering problems.

»Assign x to the k’th cluster if
k = argmaxp(z = k|x; 0)
k

ML 2019 Fall 2019/11/28 @



EXPECTATION MAXIMIZATION THEORY

= Suppose we have parameters §(). We want to find better parameters §¢+1
with larger log-likelihood

p(26;00+D) > p(2;00)
= Note that

logp(X;6) = z p(Z|x;601)logp(X; 6)
Z
= ) p(2]26;09)(0gp(xX, Z; 0) ~ 1ogp(Z1X; 6))
Z

_ Z p(2]26; 00) log p(X, Z; 0) — Z p(2|2;60) log p(Z1; 6)
= 3(0]6®) + H(o]o®) ’

p(Z|; 6©): Posterior prob. dist. of latent variables based on current parameters 9

p(Z|X; 6): Posterior prob. dist. of latent variables based on parameters 6

logp(X, Z; 0): Log-likelihood of parameter 0, given data X and latent variable Z

AR NI NN

Q (9 |9 (t)): Expectation of log-likelihood function (of 8), assuming latent variables follows posterior

prob. dist. based on current parameters 6
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EXPECTATION MAXIMIZATION THEORY

= Let’s look into the difference of log-likelihood functions between 6 and 6,
logp(X; 0) —logp(X;00) =

= (Q(8]6®) + H(8]6©)) - (Q(8©®]0®) + H(6®]6®))
(Explanation in next slide

Since H(8]6©) = H(§®)|9®), we have
logp(X; 0) —logp(X;00) > Q(9|9<t>) Q(H(t)|9(t))

Idea: Find 0**1) that maximizes the lower bound!

- Expectation Step (E-step): Compute
0(0l6®) = > p(2]2;0©) logp(x, 2;60)
Z

- Maximization Step (M-step): Choose
o+ = argmax Q(6|6W™)
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WHY H(0]|0®) > H(8®|e®)?

Zlx; 00
H(9|9“))—H(9(t>|9<t>)=zp(z|x;9(t>)logp( |6 6©)

>0
p(Z]X;0) 299
Theorem Let p, g be two probablllty density functions on R™. If

p(z)
JRmp(z) logﬁ dz >0 xlog x
Proof: Let f(x) = xlogx, then f is convex and f(1) = 0, hence >
p@) p@)\ p(2) i
| p@etSdz= [ a@f ( M) dz = Ez-, [f ( q(z)>]
PO\ p» N . 2|
2f<EZ~q[m)_f<j ( )ﬂdz> f(]-) 0 15 L
Let Q0 ={z€ R™:p(z) >0,q(z) =0}. Letr = me\ﬂp(z)dz and take p 05|
so thatp = r). Then o _
p( ) = & & % \E—osz : 15 > 25 3
mep(z) logﬁdz fQ p(z) log 0z )dz+ ij\Q p(z)log e )dz - . -
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EXPECTATION MAXIMIZATION ALGORITHM

« Randomly initialize parameters 6D,
= Iterate through step t=1,2,...
»Expectation Step (E-step): Compute

Q(o]o®) = z p(2]x;60)logp(X, Z;0) g+
Z

»Maximization Step (M-step): Choose

logp(X;6)
et+l) = ar gmax Q(6]o®)

- Log likelihood always non-decreasing |
p(X;00) <p(x;0@) <p(X;0®) < w

G:-1

g,
g:(8) = logp(2¢;00) + Q(8|6®) — (6|6 ®)
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EM ALGORITHM FOR GMM — E STEP

- Current parameter estimates 00 = {(n,(f), u,(f), Z(t))}k
1

- Expectation Step (E-step): Compute
0(8]6®) = zp(ZpC 0®) logp(X,Z; 6) = gy g0 [logp(X, Z; 6)]

z E .00 108 (i, 25 0)] z E, 1x..o0logp(x;, z; 0)]

=1 i=1
> Posterior prob. dist. of latent variables z; based on c(u)rrent pali?)me(tgrs 6® i ¥y
p(xiz; = k;00) O () 2) &

_ 5®

Plz; = k|x; 60] = < = :
PGz =1:00) 3 200 (s, 20)

> Log-likelihood of parameter 6, given data x; and latent variable z;

Ty 1 _—
logp(x;,z; = k; 8) = log — 5 O = )" 2y (= )
\/(Zﬂ)mlzk |
Hence
N K .
T[k _
Q(9|9(t)) :Z (t) log _E(xi — Uy )Tzkl(xi — Uy )
ML 2019 Fall t=1k=1 \/(Zﬂ)m|z‘k |

RF 0O, F o e
50l Gl Pk
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EM ALGORITHM FOR GMM — M STEP

- Maximization Step (M-step): C;th?(ose

T 1
6+ = argmax Q(8]6®) = Z Z 51.(,? {1og< ‘ > ~3 (i — g )" 2 (g — e )}

i=1k=1 \/(Zn)m|2k |

- Partial derivative over u, N
Vﬂk logQ(6]0®) = 23t z 51-(;? (x; — my )
i=1

» Setting derivate equals zero = Take
yN 5By
(t+1)  4i=1Yk X
ke ()
Lis1 Oy
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EM ALGORITHM FOR GMM — M STEP (CONT’D)

- Maximization Step (M-step): Chooge .

T 1
9(t+1) — arg%lég(Q(ng(t)) — Z z 51-(;) {10g< k — E(xi — Wy, )Txlzl(xi - .uk)
|

i=1 k=1 \/(Zﬂ)m|2k

»Partial derivative over 2'.' - First rewrite

1
Q(6lo®) = Z Z 5% {log( T )m> > (log|2’.‘,§1| — Trace(Zi (x, — ) (n — My )T))}

n=1k=1

Z dlog|X;, E — — X, — I
~2 (t){ Og| : | eT(xn Py ) (Xn — By )Tel} T2 S(Q{ejT(Ek (Fn = i ) (Xn K )T)ei}

Sett1ng derivate equals zero = Take
N 5( ) (t+1) (t+1) T
g(e+1) _ Zi=1 0y (X — )(x; — )
k ZN 5@)
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EM ALGORITHM FOR GMM — M STEP (CONT’D)

- Maximization Step (M-step): Choose

g+l — argmax Q(8]6®) = Z Z 5; {1og< T — % (x; — )T Z 7 (x; — )
|

i=1 k=1 \/(zn)m|z‘k

»Partial derivative over m,, :

Note that we have constraint Y x_, m; = 1. Hence we invoke Lagrange multiplier

L
V. logQ(6|0W) — AZ T | =
Ty
i=1
Setting derivate equals zero = Take n(tﬂ) “1yN 51_(’?
The constraint Y x_, 7, = 1 implies 1 = Z 12 (t) — N. Hence

LD _ 5(t>
Tk N
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EM ALGORITHM FOR GMM — SUMMARY

« Randomly initialize parameters 6D,
= Iterate through step t=1,2,...
»Expectation Step lgE-step)' Compute

1
0(6l6®) = ) s {log<J = )—;xi—uk)?"zkl(xi—uk)}

i=1 k=1 (zn)m|zk|

( ) ) ()
50O _ N (xl My s 2 ) Evaluate the “responsibilities” of each

e L ]( ) ]\f( ”g_t), z@) cluster with the current parameters

»Maximization Step (M-step): Choose () = {(n,(f), u(t) 2 (t))} , Where

k=1
G z 5O
"k TN

Re-estimate parameters using the

(t+1) _ 5 (t) existing “responsibilities”
k ZN 5(t)
t+1 t+1
sern) _ ik 8 (i — =y

k N <@
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https://www.youtube.com/watch?v=uUtpiKSNEAM
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