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LAGRANGIAN DUALITY

Lagrange multipliers

Primal Problem P Lagrangian Dual Problem D
Minimize f(x) Maximize 6(11,v) = 1Er13g {f (x) + X009 (x) + Zle i(x)}
. . X
Subject to: Subjectto: 1/, >0,i=1,..,m

gi(x)<0,i=1,..,m
hi(X) = O,l = 1, ,*B
Variables: x € X

Variables: 1 € R™,v € R

» Inequality constraints g;(x) < 0 corresponds to nonnegative Lagrange multipliers
» Equality constraints h;(x) = 0 corresponds to unrestricted Lagrange multipliers v;.

Duality theorem: (Informal statement)
Under certain convexity assumptions and suitable constraint qualifications, the
primal and dual problems have equal optimal objective values.
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GEOMETRIC INTERPRETATION

Z

G={2):y =9x),z=fx),x € X}

Primal Problem P
Minimize f(x)
Subject to: g(x) < 0 N
Variables: x € X ", z%)

(9(), f(x))

Primal minimum z*
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GEOMETRIC INTERPRETATION

Lagrangian Dual Problem D
Maximize 6(11) = 1Er1)g {f)+ugx)}

X
Subjectto: 1 =0 (v*,z%)
Variables: » € R \
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GEOMETRIC INTERPRETATION

Z

G={2):y =9x),z=fx),x € X}

Lagrangian Dual Problem D
Maximize 6(11) = 1Er1)g {f)+ugx)}
X

Sub.ject to: >0 (v, 2%) %
Variables: € R \

(9(), f(x))

\
\

g

0,601

X >
\Vz4+uy =60(1) y
slope —
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GEOMETRIC INTERPRETATION

X

G={2):y =9x),z=fx),x € X}

Lagrangian Dual Problem D

Maximize 6() = inf {f(x) + 19(x) } (9(), f ()

Subjectto: 7 = 0 oy
Varisbles: R (y,Z) \ N z+u*y=9(u*)
ariables: . € @O < giope —ut
0,60\ B
\\‘ 7 + y = G(u) y

slope —

Primal minimum z* = Dual maximum 6 (u*)
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WEAK DUALITY

Primal Problem P Lagrangian Dual Problem D
Minimize f (x) >

Subject to: R Subjectto: 1/, =2 0,i=1,..,m

gi(x)<0,i=1,..,m Variables: 1. € R™. v € R
h(x)=0,i=1,..,72 ariabies: v

Variables:x € X

Weak Duality Theorem:
For arbitrary primal feasible solution x and dual
feasible solution (7,v), one has
fx) = 6(u,v)

Proof:

£

6(+,v) = inf f(f)+Z 9.0 + ) vih(®)

1=1
4

S

Maximize 0(1,v) = xienjg {f(x) + 37 0 g(0) + X, vk (x)}

Duality gap: Difference between primal minimum and dual maximum

<+ ) g+ ) vl < F@)
i=1 i=1
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STRONG DUALITY

Under some
Primal Problem P assumptions Lagrangian Dual Problem D

Minimize f(x) — Maximize 0(1,v) = lenjg {f )+ Xt 09:(x0) + Zle vih; (x)}
. . | X
Subject to: Subjectto: 1, = 0,i=1,..,m

gi(x)<0,i=1,..,m Variables: 1. € R™. v € R
h(x)=0i=1,..7¢ ariabies: v

Variables:x € X

Theorem (Strong Duality Theorem) Z

Let X be a nonempty convex set inE". Letf: B" — E and

g:R" = B™ pe convex, and h : B" — Rf be affine. Suppose that
the following constraint qualification is satisfied. There exists an

x € X such that g(x) < 0 and h(x) = 0, and 0 € it h(X), where ~
h(X) = {h(x) : x € X}. Then, N

(9(0), f ()

z+u'y =60W")
S o Elope —u”

~

inf{f(x) : x e X,g(x) < 0,h(x) =0} =sup{é(u,v): u=0}, (5)

006

where 6(u, v) = Inf{f(x) + u"g(x) + vTh(x) : x € X}. Furthermore, if S
the inf is finite, then sup{6(u, v) : u > 0} is achieved at (u, v) with y
u = 0. If the inf is achieved at x, then u'g(x) = 0. s L1a10 @




