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Primal Problem P

Minimize 𝑓(𝑥)
Subject to:

𝑔𝑖 𝑥 ≤ 0, 𝑖 = 1, … ,𝑚
ℎ𝑖 𝑥 = 0, 𝑖 = 1,… , ℓ

Variables: 𝑥 ∈ 𝒳

Lagrangian Dual Problem D

Maximize 𝜃 𝒖, 𝐯 = inf
𝑥∈𝒳

𝑓 𝑥 + σ𝑖=1
𝑚 𝑢𝑖𝑔𝑖 𝑥 + σ𝑖=1

ℓ 𝑣𝑖ℎ𝑖 𝑥

Subject to: 𝑢𝑖 ≥ 0, 𝑖 = 1,… ,𝑚
Variables: 𝒖 ∈ ℝ𝑚, 𝐯 ∈ ℝℓ

Lagrange multipliers

 Inequality constraints 𝑔𝑖 𝑥 ≤ 0 corresponds to nonnegative Lagrange multipliers 𝑢𝑖.
 Equality constraints ℎ𝑖 𝑥 = 0 corresponds to unrestricted Lagrange multipliers 𝑣𝑖.

Duality theorem: (Informal statement)

Under certain convexity assumptions and suitable constraint qualifications, the 

primal and dual problems have equal optimal objective values.
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𝑧

𝑦

𝑥

𝒳

𝐺 = 𝑦, 𝑧 : 𝑦 = 𝑔 𝑥 , 𝑧 = 𝑓 𝑥 , 𝑥 ∈ 𝒳

𝑦∗, 𝑧∗

𝑔 𝑥 , 𝑓 𝑥

Primal minimum 𝑧∗

Primal Problem P

Minimize 𝑓(𝑥)
Subject to: 𝑔 𝑥 ≤ 0
Variables: 𝑥 ∈ 𝒳
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Lagrangian Dual Problem D

Maximize 𝜃 𝑢 = inf
𝑥∈𝒳

𝑓 𝑥 + 𝑢𝑔(𝑥)

Subject to: 𝑢 ≥ 0
Variables:𝑢 ∈ ℝ

𝑧

𝑦

𝑥

𝒳

𝐺 = 𝑦, 𝑧 : 𝑦 = 𝑔 𝑥 , 𝑧 = 𝑓 𝑥 , 𝑥 ∈ 𝒳

𝑔 𝑥 , 𝑓 𝑥

𝑧 + 𝑢𝑦 = 𝛼
slope −𝑢

𝑦∗, 𝑧∗

0, 𝛼
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Lagrangian Dual Problem D

Maximize 𝜃 𝑢 = inf
𝑥∈𝒳

𝑓 𝑥 + 𝑢𝑔(𝑥)

Subject to: 𝑢 ≥ 0
Variables:𝑢 ∈ ℝ

𝑧

𝑦

𝑥

𝒳

𝐺 = 𝑦, 𝑧 : 𝑦 = 𝑔 𝑥 , 𝑧 = 𝑓 𝑥 , 𝑥 ∈ 𝒳

𝑔 𝑥 , 𝑓 𝑥

𝑧 + 𝑢𝑦 = 𝜃 𝑢
slope −𝑢

(0, 𝜃 𝑢 )

𝑦∗, 𝑧∗



2021/12/10SVM 2018 Fall 7

Lagrangian Dual Problem D

Maximize 𝜃 𝑢 = inf
𝑥∈𝒳

𝑓 𝑥 + 𝑢𝑔(𝑥)

Subject to: 𝑢 ≥ 0
Variables:𝑢 ∈ ℝ

Primal minimum 𝑧∗ = Dual maximum 𝜃 𝑢∗

𝑧

𝑦

𝑥

𝒳

𝐺 = 𝑦, 𝑧 : 𝑦 = 𝑔 𝑥 , 𝑧 = 𝑓 𝑥 , 𝑥 ∈ 𝒳

𝑔 𝑥 , 𝑓 𝑥

𝑧 + 𝑢𝑦 = 𝜃 𝑢
slope −𝑢

𝑧 + 𝑢∗𝑦 = 𝜃 𝑢∗

slope −𝑢∗

𝑦∗, 𝑧∗

(0, 𝜃 𝑢 )

(0, 𝜃 𝑢∗ )
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Primal Problem P

Minimize 𝑓(𝑥)
Subject to:

𝑔𝑖 𝑥 ≤ 0, 𝑖 = 1, … ,𝑚
ℎ𝑖 𝑥 = 0, 𝑖 = 1,… , ℓ

Variables: 𝑥 ∈ 𝒳

Lagrangian Dual Problem D

Maximize 𝜃 𝒖, 𝐯 = inf
𝑥∈𝒳

𝑓 𝑥 + σ𝑖=1
𝑚 𝑢𝑖𝑔𝑖 𝑥 + σ𝑖=1

ℓ 𝑣𝑖ℎ𝑖 𝑥

Subject to: 𝑢𝑖 ≥ 0, 𝑖 = 1,… ,𝑚
Variables: 𝒖 ∈ ℝ𝑚, 𝐯 ∈ ℝℓ

Weak Duality Theorem:

For arbitrary primal feasible solution 𝑥 and dual 

feasible solution 𝒖, 𝐯 , one has

𝑓(𝑥) ≥ 𝜃 𝒖, 𝐯
Proof:

𝜃 𝒖, 𝐯 = inf
𝑥∈𝒳

𝑓 𝑥 +

𝑖=1

𝑚

𝑢𝑖𝑔𝑖 𝑥 +

𝑖=1

ℓ

𝑣𝑖ℎ𝑖 𝑥

≤ 𝑓 𝑥 +

𝑖=1

𝑚

𝑢𝑖𝑔𝑖 𝑥 +

𝑖=1

ℓ

𝑣𝑖ℎ𝑖 𝑥 ≤ 𝑓 𝑥

𝑧

𝑦

≥
Duality gap: Difference between primal minimum and dual maximum

duality gap
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Primal Problem P

Minimize 𝑓(𝑥)
Subject to:

𝑔𝑖 𝑥 ≤ 0, 𝑖 = 1, … ,𝑚
ℎ𝑖 𝑥 = 0, 𝑖 = 1,… , ℓ

Variables: 𝑥 ∈ 𝒳

Lagrangian Dual Problem D

Maximize 𝜃 𝒖, 𝐯 = inf
𝑥∈𝒳

𝑓 𝑥 + σ𝑖=1
𝑚 𝑢𝑖𝑔𝑖 𝑥 + σ𝑖=1

ℓ 𝑣𝑖ℎ𝑖 𝑥

Subject to: 𝑢𝑖 ≥ 0, 𝑖 = 1,… ,𝑚
Variables: 𝒖 ∈ ℝ𝑚, 𝐯 ∈ ℝℓ

=
𝑧

𝑦

𝑔 𝑥 , 𝑓 𝑥

𝑧 + 𝑢∗𝑦 = 𝜃 𝑢∗

slope −𝑢∗

𝑦∗, 𝑧∗

(0, 𝜃 𝑢∗ )

Under some 

assumptions


