
Pei-Yuan Wu

Electrical Engineering Department

National Taiwan University

2021/12/10SVM 2019 Fall

1



 Representer Theorem

 Primal and Dual Formulations

 Kernel trick for nonlinear separable cases
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 We have seen that in SVM we learn a linear classifier
𝑓(𝒙) = 𝒘𝑇𝒙 + 𝒃

by solving an optimization problem over (𝒘, 𝑏):

min
𝒘∈ℝ𝒅,𝑏∈ℝ

1

2
𝒘 𝟐 + 𝐶

𝑖=1

𝑁

max(0, 1 − 𝑦𝑖𝑓 𝒙𝑖 )

 This quadratic optimization problem is known as the primal problem.

 By introducing the representation theorem, we can reformulate SVM as 
learning a linear classifier

𝑓 𝒙 =

𝑖=1

𝑁

𝑎𝑖(𝒙𝑖
𝑇𝒙) + 𝑏

by solving an optimization problem (to be introduced later) over 𝑎𝑖.

 This is know as the dual problem, and we will look at the advantages 
of this formulation.
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 Recall SVM Primal problem: 

1

2
𝒘 𝟐 + 𝐶

𝑖=1

𝑁

max(0, 1 − 𝑦𝑖(𝒘
𝑇𝒙𝑖 + 𝑏))
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regularization hinge loss

Representer Theorem on SVM:  The global optimal solution of SVM takes the 

form 𝒘 = σ𝑖=1
𝑁 𝛼𝑖𝑦𝑖𝒙𝑖.

Proof:  Express 𝒘 = 𝒘∥ +𝒘⊥, where 𝒘∥ ∈ 𝑆𝑝𝑎𝑛(𝒙1, … , 𝒙𝑁), 𝒘⊥ is in the subspace 

orthogonal to 𝑆𝑝𝑎𝑛(𝒙1, … , 𝒙𝑁). Note that

∀𝑖 ∵ 𝒘⊥
𝑇𝒙𝑖 = 0 ∴ 𝒘𝑇𝒙𝑖 = 𝒘∥

𝑇𝒙𝑖

∵ 𝒘⊥
𝑇𝒘∥ = 0 ∴ 𝒘 𝟐 = 𝒘∥

𝟐
+ 𝒘⊥

𝟐

In other words, 𝒘⊥ does not influence hinge loss,  but may increase 

regularization loss.  So if (𝒘∥ +𝒘⊥, 𝑏) is optimal, then (𝒘∥, 𝑏) must be optimal.

In SVM, it suffices to assume 𝑤 = σ𝑖=1
𝑁 𝛼𝑖𝑦𝑖𝑥𝑖



 Substitute 𝒘 = σ𝑖=1
𝑁 𝛼𝑖𝑦𝑖𝒙𝑖 into 𝑓(𝑥) = 𝒘𝑇𝒙 + 𝑏 and 𝒘 𝟐, we get

𝑓 𝑥 = 

𝑖=1

𝑁

𝛼𝑖𝑦𝑖𝒙𝑖

𝑇

𝒙 + 𝑏 =

𝑖=1

𝑁

𝛼𝑖𝑦𝑖(𝒙𝑖
𝑇𝒙) + 𝑏

𝒘 𝟐 = 

𝑖=1

𝑁

𝛼𝑖𝑦𝑖𝒙𝑖

𝑇



𝑗=1

𝑁

𝛼𝑗𝑦𝑗𝒙𝑗 =

𝑖=1

𝑁



𝑗=1

𝑁

𝛼𝑖𝛼𝑗𝑦𝑖𝑦𝑗(𝒙𝑖
𝑇𝒙𝑗)

Hence, an equivalent optimization problem is over 𝛼𝑖
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Primal problem: 

min
𝒘∈ℝ𝒅,𝑏∈ℝ,𝜉1,…,𝜉𝑁≥0

1

2
𝒘 𝟐 + 𝐶

𝑖=1

𝑁

𝜉𝑖

subject to 𝑦𝑖 𝒘
𝑇𝒙𝑖 + 𝑏 ≥ 1 − 𝜉𝑖,∀𝑖

Optimization problem over 𝛼𝑖

min
𝜶∈ℝ𝑵,𝑏∈ℝ,𝜉1,…,𝜉𝑁≥0

1

2


𝑖=1

𝑁



𝑗=1

𝑁

𝛼𝑖𝛼𝑗𝑦𝑖𝑦𝑗(𝒙𝑖
𝑇𝒙𝑗) + 𝐶

𝑖=1

𝑁

𝜉𝑖

Subject to 𝑦𝑖 σ𝑗=1
𝑁 𝛼𝑗𝑦𝑗(𝒙𝑗

𝑇𝒙𝑖) + 𝑏 ≥ 1 − 𝜉𝑖 , ∀𝑖

2N variables

and A FEW more steps are required to complete 

the derivation (with N variables)…

(3~6 hour lectures)



N is number of training points, and d is dimension of feature vector x.

Primal problem: for 𝒘 ∈ ℝ𝒅, 𝑏 ∈ ℝ

min
𝒘∈ℝ𝒅,𝑏∈ℝ

1

2
𝒘 𝟐 + 𝐶

𝑖=1

𝑁

max(0, 1 − 𝑦𝑖𝑓 𝒙𝑖 )

Dual problem: for 𝜶 ∈ ℝ𝑵 (Formal proof granted after introduction of duality theorem)

m𝑎𝑥
𝛼1,…,𝛼𝑁≥0



𝑖=1

𝑁

𝛼𝑖 −
1

2


𝑖=1

𝑁



𝑗=1

𝑁

𝛼𝑖𝛼𝑗𝑦𝑖𝑦𝑗(𝒙𝑖
𝑇𝒙𝑗)

Subject to 0 ≤ 𝛼𝑖 ≤ 𝐶, ∀𝑖, and σ𝑖=1
𝑁 𝛼𝑖𝑦𝑖 = 0

 Need to learn d parameters for primal, and N parameters for dual

 If 𝑁 ≪ 𝑑 then more efficient to solve for α than w. (𝑑 can even be infinite! See 
Gaussian-RBF SVM to be introduced later)

 Dual form only involves 𝒙𝑖
𝑇𝒙𝑗. We will return to why this is an advantage when we 

look at kernels.
2021/12/10SVM 2019 Fall 6

KKT Condition:

𝑦𝑖 𝒘
𝑇𝒙𝑖 + 𝑏 > 1 ⇒ 𝜉𝑖 = 0, 𝛼𝑖 = 0

𝑦𝑖 𝒘
𝑇𝒙𝑖 + 𝑏 < 1 ⇒ 𝜉𝑖 > 0, 𝛼𝑖 = 𝐶



 Primal version of classifier:
𝑓(𝑥) = 𝒘𝑇𝒙 + 𝑏

 Dual version of classifier:

𝑓 𝑥 =

𝑖=1

𝑁

𝛼𝑖𝑦𝑖(𝒙𝑖
𝑇𝒙) + 𝑏

 At first sight the dual form appears to have 
the disadvantage of a K-NN classifier — it 
requires the training data points 𝒙𝑖. However, 
many of the 𝛼𝑖‘s are zero. The ones that are 
non-zero define the support vectors 𝒙𝑖.
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KKT Condition:

𝑦𝑖 𝒘
𝑇𝒙𝑖 + 𝑏 > 1 ⇒ 𝜉𝑖 = 0, 𝛼𝑖 = 0

𝑦𝑖 𝒘
𝑇𝒙𝑖 + 𝑏 < 1 ⇒ 𝜉𝑖 > 0, 𝛼𝑖 = 𝐶
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Classifier, with 𝒘 ∈ ℝ𝐷

𝑓(𝑥) = 𝒘𝑇Φ(x)+ 𝑏

Learning, for 𝒘 ∈ ℝ𝐷

min
𝒘∈ℝ𝑫,𝑏∈ℝ

1

2
𝒘 𝟐 + 𝐶

𝑖=1

𝑁

max(0, 1 − 𝑦𝑖𝑓 𝒙𝑖 )

 Simply map x to Φ(x) where data is separable

 Solve for w in high dimensional space ℝ𝐷

 If 𝐷 ≫ 𝑑 then there are many more parameters to learn for w. Can this be avoided?
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 Classifier:

𝑓 𝑥 =

𝑖=1

𝑁

𝛼𝑖𝑦𝑖(𝒙𝑖
𝑇𝒙) + 𝑏

𝑓 𝑥 =

𝑖=1

𝑁

𝛼𝑖𝑦𝑖Φ(𝒙𝑖)
𝑇Φ(𝒙) + 𝑏

 Learning:

𝑚𝑎𝑥
𝛼1,…,𝛼𝑁≥0



𝑖=1

𝑁

𝛼𝑖 −
1

2


𝑖=1

𝑁



𝑗=1

𝑁

𝛼𝑖𝛼𝑗𝑦𝑖𝑦𝑖 𝒙𝑖
𝑇𝒙𝑗

m𝑎𝑥
𝛼1,…,𝛼𝑁≥0



𝑖=1

𝑁

𝛼𝑖 −
1

2


𝑖=1

𝑁



𝑗=1

𝑁

𝛼𝑖𝛼𝑗𝑦𝑖𝑦𝑖Φ(𝒙𝑖)
𝑇Φ(𝒙𝑗)

Subject to 0 ≤ 𝛼𝑖 ≤ 𝐶, ∀𝑖, and σ𝑖=1
𝑁 𝛼𝑖𝑦𝑖 = 0
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• k 𝒙𝑖 , 𝒙𝑗 = Φ(𝒙𝑖)
𝑇Φ(𝒙𝑗) is called kernel function.

• Note that Φ(x) only occurs in pairs Φ(𝒙𝑖)
𝑇Φ(𝒙𝑗)

 Once the scalar products are computed, only 

the N dimensional vector α needs to be learnt.

 No need to learn in the D dimensional space, 

as it is for the primal.



 Classifier:

𝑓 𝑥 =

𝑖=1

𝑁

𝛼𝑖𝑦𝑖k 𝒙𝑖 , 𝒙 + 𝑏

 Learning:

m𝑎𝑥
𝛼1,…,𝛼𝑁≥0



𝑖=1

𝑁

𝛼𝑖 −
1

2


𝑖=1

𝑁



𝑗=1

𝑁

𝛼𝑖𝛼𝑗𝑦𝑖𝑦𝑗k 𝒙𝑖 , 𝒙𝑗

Subject to 0 ≤ 𝛼𝑖 ≤ 𝐶, ∀𝑖, and σ𝑖=1
𝑁 𝛼𝑖𝑦𝑖 = 0

2021/12/10SVM 2019 Fall 14

Kernel Trick

 Classifier can be learnt and applied 
without explicitly computing Φ(x)

 All that is required is the kernel k 𝒙, 𝒙′ .

 Complexity of learning depends on N 
(typically 𝑂(𝑇𝑁2)) but not on 𝐷.
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Φ 𝒙 𝑇Φ 𝒛 =

1

2𝑥1

2𝑥2

2𝑥1𝑥2
𝑥1
2

𝑥2
2

𝑇 1

2𝑧1

2𝑧2

2𝑧1𝑧2
𝑧1
2

𝑧2
2

= 1 + 2𝑥1𝑧1 + 2𝑥2𝑧2 + 2𝑥1𝑧1𝑥2𝑧2 + 𝑥1
2𝑧1

2 + 𝑥2
2𝑧2

2

= 1 + 𝑥1𝑧1 + 𝑥2𝑧2
2

Φ 𝒙 𝑇Φ 𝒛 =

2𝑥1𝑥2
𝑥1
2

𝑥2
2

𝑇
2𝑧1𝑧2
𝑧1
2

𝑧2
2

= 2𝑥1𝑧1𝑥2𝑧2 + 𝑥1
2𝑧1

2 + 𝑥2
2𝑧2

2

= 𝑥1𝑧1 + 𝑥2𝑧2
2

Φ:
𝑥1
𝑥2

↦

1

2𝑥1

2𝑥2

2𝑥1𝑥2
𝑥1
2

𝑥2
2

Φ:
𝑥1
𝑥2

↦

2𝑥1𝑥2
𝑥1
2

𝑥2
2

Spectral Transform Kernel Function



Let 𝒙, 𝒙′ ∈ ℝ𝑑, where we denote 𝒙 = (𝑥1, … , 𝑥𝑑).

 Linear kernels: k 𝒙, 𝒙′ = 𝒙𝑇𝒙′

 Polynomial kernels: k 𝒙, 𝒙′ = (1 + 𝒙𝑇𝒙′)𝑚, for any 𝑚 ∈ ℕ.

 Φ(𝒙) contains all polynomials up to degree 𝑚.
𝜙𝑗 𝒙 ∝ 𝑥1

𝑛1𝑥2
𝑛2 …𝑥𝑑

𝑛𝑑

where 𝑛1 +⋯+ 𝑛𝑑 ≤ 𝑚, 𝑛1, … , 𝑛𝑑 ∈ ℕ ∪ 0

 Feature space dimension D = 𝑑+𝑚
𝑑

 Gaussian kernels: k 𝒙, 𝒙′ = 𝑒𝑥𝑝 −
𝒙−𝒙′ 2

2𝜎2
for 𝜎 > 0

 Φ(𝒙) contains all functions of the form

𝜙𝑗 𝒙 ∝
𝑥1
𝜎

𝑚1 𝑥2
𝜎

𝑚2

…
𝑥𝑑
𝜎

𝑚𝑑

𝑒
−

𝒙 2

2𝜎2

where 𝑛1, … , 𝑛𝑑 ∈ ℕ ∪ 0

 Feature space dimension D = ∞ 2021/12/10SVM 2019 Fall 16

Φ 𝒙 =

𝜙1 𝒙

𝜙2 𝒙
⋮

𝜙𝐷 𝒙

Feature map:
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For simplicity, consider 𝑑 = 1. Then

𝑒𝑥𝑝 −
(𝑥 − 𝑧)2

2𝜎2
= 𝑒𝑥𝑝 −

𝑥2 − 2𝑥𝑧 + 𝑧2

2𝜎2

= 𝑒𝑥𝑝 −
𝑥2

2𝜎2
𝑒𝑥𝑝

𝑥𝑧

𝜎2
𝑒𝑥𝑝 −

𝑧2

2𝜎2

= 𝑒𝑥𝑝 −
𝑥2

2𝜎2
1 +

𝑥𝑧

𝜎2
+⋯+

1

𝑛!

𝑥𝑧

𝜎2

𝑛

+⋯ 𝑒𝑥𝑝 −
𝑧2

2𝜎2

= 𝑒𝑥𝑝 −
𝑥2

2𝜎2

1
𝑥/𝜎
⋮

𝑥/ 𝑛! 𝜎
𝑛

⋮

𝑇 1
𝑧/𝜎
⋮

𝑧/ 𝑛! 𝜎
𝑛

⋮

𝑒𝑥𝑝 −
𝑧2

2𝜎2

= Φ 𝑥 𝑇Φ 𝑧

Φ 𝑥 = 𝑒𝑥𝑝 −
𝑥2

2𝜎2

1
𝑥/𝜎
⋮

𝑥/ 𝑛! 𝜎
𝑛

⋮

Feature map:
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Classifier:

𝑓 𝑥 =

𝑖=1

𝑁

𝛼𝑖𝑦𝑖k 𝒙𝑖 , 𝒙 + 𝑏

Learning:

m𝑎𝑥
𝛼1,…,𝛼𝑁≥0



𝑖=1

𝑁

𝛼𝑖 −
1

2


𝑖=1

𝑁



𝑗=1

𝑁

𝛼𝑖𝛼𝑗𝑦𝑖𝑦𝑗k 𝒙𝑖 , 𝒙𝑗

Subject to 0 ≤ 𝛼𝑖 ≤ 𝐶, ∀𝑖, and σ𝑖=1
𝑁 𝛼𝑖𝑦𝑖 = 0

Gaussian kernel: k 𝒙, 𝒙′ = 𝑒𝑥𝑝 −
𝒙−𝒙′ 2

2𝜎2

Gaussian Radial Basis Function SVM

𝑓 𝒙 =

𝑖=1

𝑁

𝛼𝑖𝑦𝑖𝑒𝑥𝑝 −
𝒙 − 𝒙𝑖

2

2𝜎2
+ 𝑏

weight (may be zero) support vector

Radial basis function kernel: 

k 𝒙, 𝒛 only depends on 𝒙 − 𝒛



2021/12/10SVM 2019 Fall 19

data is not linearly separable in original feature space
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𝑓 𝑥 = 0

𝑓 𝑥 = −1

𝑓 𝑥 = 1

𝑓 𝑥 =

𝑖=1

𝑁

𝛼𝑖𝑦𝑖𝑒𝑥𝑝 −
𝒙 − 𝒙𝑖

2

2𝜎2
+ 𝑏
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Decrease C, gives wider (soft) margin
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Decrease sigma, moves towards nearest neighbor classifier
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 Data may be linearly separable in the high dimensional space, but not linearly 
separable in the original feature space.

 Classifiers can be learnt for high dimensional features spaces, without actually 
having to map the points into the high dimensional space.

 Kernels can be used for an SVM because of the scalar product in the dual form, but 
can also be used elsewhere – they are not tied to the SVM formalism.

 Kernels apply also to objects that are not vectors.
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