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 Loss function for SVM

 Gradient Descent Algorithm 
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 Learning an SVM has been formulated as a constrained 
optimization problem over w and ξ

min
𝒘∈ℝ𝒅,𝑏∈ℝ,𝜉1,…,𝜉𝑁≥0

1

2
𝒘 𝟐 + 𝐶෍

𝑖=1

𝑁

𝜉𝑖

subject to 𝑦𝑖 𝒘
𝑇𝒙𝑖 + 𝑏 ≥ 1 − 𝜉𝑖, for 𝑖 = 1,… , 𝑁

 The constraint 𝑦𝑖 𝒘
𝑇𝒙𝑖 + 𝑏 ≥ 1 − 𝜉𝑖, can be written more 

concisely as
𝑦𝑖𝑓(𝒙𝑖) ≥ 1 − 𝜉𝑖

which, together with 𝜉𝑖 ≥ 0, is equivalent to
𝜉𝑖 ≥ max(0, 1 − 𝑦𝑖𝑓 𝒙𝑖 )

 Hence the learning problem is equivalent to the 
unconstrained optimization problem over w

min
𝒘∈ℝ𝒅,𝑏∈ℝ

1

2
𝒘 𝟐 + 𝐶෍

𝑖=1

𝑁

max(0, 1 − 𝑦𝑖𝑓 𝒙𝑖 )
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min
𝒘∈ℝ𝒅

1

2
𝒘 𝟐 + 𝐶෍

𝑖=1

𝑁

max(0, 1 − 𝑦𝑖𝑓 𝒙𝑖 )

Points are in three categories:

 𝑦𝑖𝑓 𝒙𝑖 > 1

Point is outside margin.

No contribution to loss

 𝑦𝑖𝑓 𝒙𝑖 = 1

Point is on margin.

No contribution to loss.

 𝑦𝑖𝑓 𝒙𝑖 < 1

Point violates margin constraint.

Contributes to loss
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hinge loss

𝑦𝑖𝑓 𝒙𝑖 > 1

𝑦𝑖𝑓 𝒙𝑖 = 1

𝑦𝑖𝑓 𝒙𝑖 > 1

𝑦𝑖𝑓 𝒙𝑖 = 1

𝑦𝑖𝑓 𝒙𝑖 <1



min
𝒘∈ℝ𝒅,𝑏∈ℝ

1

2
𝒘 𝟐 + 𝐶෍

𝑖=1

𝑁

max(0, 1 − 𝑦𝑖𝑓 𝒙𝑖 )

 Does this loss function have a unique 
minimal solution?

 Does the solution depend on the starting 
point of an iterative optimization 
algorithm (such as gradient descent)?
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We say Ω ⊂ ℝ𝑑 is convex if every 𝑥0, 𝑥1 ∈ Ω
and 0 ≤ 𝑡 ≤ 1 satisfy 1 − 𝑡 𝑥0 + 𝑡𝑥1 ∈ Ω
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Line joining (𝑥0, 𝑓 𝑥0 ) and (𝑥1, 𝑓 𝑥1 ) lies 

above the function graph

𝑥0
𝑥1

convex

𝑥0

𝑥1

non-convex

𝑥0 𝑥1

𝑓 𝑥0

𝑓 𝑥1

𝑓 1 − 𝑡 𝑥0 + 𝑡𝑥1

1 − 𝑡 𝑥0 + 𝑡𝑥1

1 − 𝑡 𝑓 𝑥0
+𝑡𝑓 𝑥1

Let Ω be a convex set in ℝ𝑑. A function 𝑓: Ω → ℝ
is convex if every 𝑥0, 𝑥1 ∈ Ω and 0 ≤ 𝑡 ≤ 1 satisfy

𝑓 1 − 𝑡 𝑥0 + 𝑡𝑥1 ≤ 1 − 𝑡 𝑓 𝑥0 + 𝑡𝑓 𝑥1



Lemma: Let Ω be a convex set in ℝ𝑑, 𝑓, 𝑔 be convex functions on Ω, 𝛼, 𝛽 ≥ 0, then 
𝛼𝑓 + 𝛽𝑔 is convex.

Proof: For every 𝑥0, 𝑥1 ∈ Ω and 0 ≤ 𝑡 ≤ 1, one has

𝑓 1 − 𝑡 𝑥0 + 𝑡𝑥1 ≤ 1 − 𝑡 𝑓 𝑥0 + 𝑡𝑓 𝑥1
𝑔 1 − 𝑡 𝑥0 + 𝑡𝑥1 ≤ 1 − 𝑡 𝑔 𝑥0 + 𝑡𝑔 𝑥1

Hence (𝛼𝑓 + 𝛽𝑔) 1 − 𝑡 𝑥0 + 𝑡𝑥1 ≤ 1 − 𝑡 (𝛼𝑓 + 𝛽𝑔) 𝑥0 + 𝑡(𝛼𝑓 + 𝛽𝑔) 𝑥1
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1

2
𝒘 𝟐 + 𝐶෍

𝑖=1

𝑁

max(0, 1 − 𝑦𝑖 𝒘
𝑇𝒙𝑖 + 𝑏 )SVM’s loss function: 

is convex+

non-negative sum of convex functions is convex



Lemma: Let Ω be a convex set in ℝ𝑑, 𝑓 be a convex function on Ω. 
If 𝑥0, 𝑥1 ∈ Ω are local minimal points of 𝑓, then 𝑓 𝑥0 = 𝑓 𝑥1 .

Proof:  WLOG assume 𝑓 𝑥0 < 𝑓 𝑥1 . For all 0 ≤ 𝑡 < 1, one has

𝑓 1 − 𝑡 𝑥0 + 𝑡𝑥1 ≤ 1 − 𝑡 𝑓 𝑥0 + 𝑡𝑓 𝑥1 < 𝑓 𝑥1

That is, 𝑓 𝑥 < 𝑓 𝑥1 for all x ∈ 1 − 𝑡 𝑥0 + 𝑡𝑥1: 0 ≤ 𝑡 < 1 . 
Hence 𝑥1 cannot be local minimal, leading to contraction.

2021/12/10SVM 2019 Fall 8

If the loss function is convex, then a locally 

optimal point is globally optimal

local optimal is global optimal

Gradient descent always leads to global optimal regardless 

of initialization.

1

2
𝒘 𝟐 + 𝐶෍

𝑖=1

𝑁

max(0, 1 − 𝑦𝑖 𝒘
𝑇𝒙𝑖 + 𝑏 )SVM’s loss function: 

is convex+

𝑥0 𝑥1

𝑓 𝑥0

𝑓 𝑥1

𝑓 1 − 𝑡 𝑥0 + 𝑡𝑥1

1 − 𝑡 𝑥0 + 𝑡𝑥1

1 − 𝑡 𝑓 𝑥0
+𝑡𝑓 𝑥1



 To minimize a loss function 𝐿(𝒘𝑡) we use the iterative update
𝒘𝑡+1 ← 𝒘𝑡 − 𝜂𝑡𝛻𝒘𝐿(𝒘𝑡)

where 𝜂𝑡 is the learning rate (at time t). 

 First, rewrite the optimization problem as an average

𝐿 𝒘 =
𝜆

2
𝒘 𝟐 +

1

𝑁
෍

𝑖=1

𝑁

max 0, 1 − 𝑦𝑖𝑓 𝒙𝑖

where 𝜆 = 1/(𝑁𝐶) and 𝑓(𝒙) = 𝒘𝑇𝒙 + 𝒃
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𝐿 𝒘 =
𝜆

2
𝒘 𝟐 +

1

𝑛
෍

𝑖=1

𝑁

ℒ 𝒙𝑖 , 𝒚𝑖 , 𝒘

 The iterative update is

𝒘𝑡+1 ← 𝒘𝑡 − 𝜂𝑡𝛻𝑤𝐿 𝒘𝑡

← 𝒘𝑡 − 𝜂𝑡 𝜆𝒘𝑡 +
1

𝑛
෍

𝑖=1

𝑛

𝛻𝒘ℒ 𝒙𝑖 , 𝒚𝑖 , 𝒘𝑡

where 𝜂𝑡 is the learning rate.

 In the Pegasos algorithm the learning rate is set at 𝜂𝑡 =
1

𝜆𝑡

 Alternative: Stochastic gradient decent.
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ℒ 𝒙𝑖 , 𝒚𝑖 , 𝒘 = max 0, 1 − 𝑦𝑖𝑓 𝒙𝑖
𝑓(𝒙𝑖) = 𝒘𝑇𝒙𝑖 + 𝑏


