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WHY VAE?
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VAE LOSS FUNCTION What will happen if we only

Original minimize reconstruction error?
Code

Code with
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/ fmz/z

The variance of noise is
automatically learned

Given data set x4, ..., X, minimize

Lyas = Z;(nxi — ®ilI? + Z;(Ilﬁxmllz +exp (¢(x)) - (1+ @-(a%))

Reconstruction loss Regularization loss \ 4



WHY VAE REGULARIZATION?

Intuitive Reason: Want the code to have zero mean and unit variance

We want ¢; close to 0
(variance exp(f j) close to 1)
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Regularization loss

g Gell” + exp (35(x)) = (14 65(x)
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VAE GENERATIVE MODEL AND MLE

= We have data set X = {x4, ..., Xy}, and assume each data
point x; is generated according to generative model

po (x) = j po(x12)pe (2)dz

= Goal: Maximum log-likelihood parameter estimation:

6" = maxpg(X) = maxlogpg(X)

> If each data point x; is generated 1ndependent1y, then

log pe (X) = log <_[ B Pe(%)) z log pe (x;)

po(x;) = J po(x;12;)pg(2;)dz;

= Introduce latent variables Z = {z,, ..., zy }, where z; indicates
the latent code of x;.
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LOG-LIKELIHOOD LOWER BOUND

10gP6(00) = [ 45(213) 10g Py (X) d2
_f q¢(Z|X)<logq¢(Z|X) logq¢(Z|X)>dZ

B pe(Z,X)
= | a1y 108 2 42 + KL (49 10, 1)

Intractable but always = 0

A
I KL
Ly by adjusting g4 L, by adjusting pg

» log pe (X) L, » log pg (X) Ly
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log pg(X)




VAE V3. EM ALGORITHM

« Randomly initialize parameters 61,
= Iterate through step t=1,2,...
»Expectation Step (E-step): Compute

0(0]0) = " p(2x;09) logp(X, 2;0)
V4

»Maximization Step (M-step): Choose

0(t+1) = arg%’lEa@X Q(ng(t))

Adjust q4 to decrease KL (q¢(- 1X0), P (¢ |X))
will make g4 (- [X) = pyo (- |X)

Ly by adjusting g

» log pgy (X) L,

A 4 A 4

1 I . . T vk
K] Fix pg and increase

log pg (X)
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Fix q4 and adjust pg to maximize

Lp(Pe, 49, X) = Bz gy (1) [log

is equivalent to maximizing
E; g (130 [108 70 (X, 2)] = 0(6]6®)

approx. p,o (- |X)

Fix q4 and increase
L, by adjusting pg

‘ogpgm ()

A 4

4
IKL

pQ(X,Z)
o (Z1X)
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VAE WITH INDEPENDENT SAMPLES

= Goal: Adjust pg and g4 to maximize

Pe(x Z)

pe(X|Z )
= Ez~q4¢1x) |10 [l 40 (Z10) + [Ez~q¢,(.|x) [logpe(2)]

= Assume (x4,2,), ..., (Xy, Zy) are independent w.r.t. py and q4, then

N N N
15210 = | | aptaixd.pecciz) = | | potriz).pe@ =] | _pota

= i=1
E [logpe(xlz)] Z E [lo P@(xi|Zi)]:zN E [logpe(xi|zi)
T " e (2100) 20000 |8 g G|~ Ly #1000 PO g0 (i1x)

N
[Ez~q¢(.|x)[logp9(2)] 2 1IEZ~q¢(.|X)[10gp9(Zi)] =z' 1Ezi~q¢(.|xi)[logp9(zi)]
l= _

Hence

N
po(x;|z;)
Lb (pe; q(p; x) — Zi:l [Ezi~q¢(-|xi) llog q¢(zi|xi) + log p@ (Zi)]
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VAE AND GAUSSIAN DISTRIBUTION

= Assume latent code has Gaussian prior, and both encoder/decoder
described by Gaussian distributions: py(z) = N (z;0,1), py(x|z) =

N (x; 19(2), Z6(2)), 4 (2]%) = N (2 Tig (), £ (%))

Clcp( |x) ’
x» Encoder

&)

235/ (x




CLOSE FORM OF 1.,

= Assume latent code has Gaussian prior, and both encoder/decoder
described by Gaussian distributions: py(z) = N'(z;0,1), pg(x|z) =

N (x; 1o (2),29(2)), qp (z|x) = N (2; fig (x),Z4(x)). Then

po(x;|z;) B N (x;; po(2;),Zg(2;)) _
B 85 T 408200 | = Ean st O e g B ) 0D
N (fy(x:);0,1) Tr(E4(x) — 1)
= [EZiNN(ﬁtb(xi),f(p(xi)) [logN(xi; Ho (Zi)r Zg (Zl))] + logN(ﬁ(p (xi)} ﬁqﬁ (xi), E(p (xi)) - 2

1 1 o
- [Ezi~N(!~l¢(xi),f¢(xi)) [log <\/(27T)M|Ze )] exp (_ 2 (xi —He (Zi)) Zo(z:) (xi ~ He (ZJ)))]

—oo(-2lm @)
Jemm 2 IFei CTr(Ee ) — 1)
1/ \/(Zn)m|§¢(xi)| :

+ log

1 1
IEzi~N(ﬁ¢(xi),§¢(xi)) [log \/(Zﬂ)M 1Zg(z))] 2
Tr(Zy(x;) — 1)
2

1
(x; = 1o(2)) 2o(2) 7 (x; = o (2)) | + 5108124 (2))

1, 2
— 5 I D" -
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Lemma: Let &~V (ﬁ, f) be a Gaussian-distributed r.v. in R™, then
1 1, N -
Ee o (gz)[log V(& 1 2)] = log VR ~3 ((u - I (- p) + Tr(Z2 1))
= log V' (fi; w, £) — Tr(2271) /2

In particular, if i = u, ¥ = X, then
m
Eg v (ux) llog V(& X)] = —;log(Znelﬂl/m)

Proof:

1
~SE-WTEE - )

1
Eeon(@mZ) [ltl)gN & D] = Egp(z3) (108 o]

1
— _Z . T y-1(z _
og Cou iIEENN(M,E)[Tr((E WEHE—w)]
=1 — = Tr (B ay [(E— ) (E— w)TE?
s Gy % r(Bpn ) (€ - (- 07 E7)
= log ~ = T7 (Bgoprun) (€ — m(E — wT271)
m 2 K
\/(27? |1Z] ” i
= log G —>Tr (g _n(op[E + B— @& +E-w'E7])
1 1 1 ~
=] —=Tr((%¥ x- 1 ——((E-pw'2 (- Tr(Xxt
08 e 2 r(E+@-w@E-w"E?) = log ST S(E-wTE @ - + Tr(Z27Y))
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SIMPLER CLOSE FORM OF L,

= For simplicity, assume 24(z;) = I, £4(x) = diag(5g,(x), ..., 63, (X)).

po (- |2) ’

‘» 1
i

&)

q(]b( |x) ’
mp
Encoder 5

ML 2019 Fall 2019/12/6 @



VAE LOSS FUNCTION

= For simplicity, assume 24(z;) = I,£4(x) = diag(6g,(x), ..., 55 ,(x)), then

Po(xi|z;) ]

IEli~q¢>('|xi) [log d (z:|x;) + logpe(z;)

1 1
= B (i (20 £ (x0) |:10g\/(27l')M|20 o] — 5 (xi — He (2) " Zo(z) 7' (x; — 1o (2)))

e 1) = log—— —~ (& 2] + || 2 N (62 log &2 1
) r( o (X)) — )— ng—z Zi~N(ﬁ¢(xi).f¢(xi))[”xi — po(z)I*] + ”ﬂqb(xi)” +Zj=1(0¢,j(xi) —logdg j(x;) — )

1 1= 2
+ Eloglzg (z:) — 2 (rAeall

Hence maximizing
1 1 N 2 ~ 2 m ~2 ~2
Ly(pe, 4, X) = N logm =5 20 By x5 e) 1 = o @OIPT + [ (]| + ijl(%,j(xi) — log g ;(x;) — 1)

Is equivalent to minimizing

N N , mo, )
2. 1(Eziw(ﬁqb(xi),qu(xa)[”xi — ue (Z)I?] + [|Ep (x| + Z._l(%%ﬂxa - (1 +1°g(’<12>,f(xi)))>

l= =

Approx. expectation by sample mean
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VAE LOSS FUNCTION

= For simplicity, assume 24(z;) = I, £4(x) = diag(5g,(x), ..., 63, (X)).

q(]b( |x) ’
mp
Encoder 5

Lyag = ZNl (uxi - 7l1* + an (I8 Geoll* + 62Grd = (1 + 1og f‘ff(xi))))



VAE LOSS FUNCTION

Original

Take ¢;(x;) = log 5]-2 (x;) Code

Code with

’ noise
C1

o X

input »
p Encoder

¢1/2
% 2/% = exp %
Gl

Lyag = Zil <”xi — x> + z:”:l (”/jj(xi)nz T exp (ff(xi)) B (1 T Gj(xi)))>
€




