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Given data set 𝒙1, … , 𝒙𝑁, minimize

𝐿𝑉𝐴𝐸 =෍
𝑖=1

𝑁

𝒙𝑖 − ෝ𝒙𝑖
2 +෍

𝑗=1

𝑚

෤𝜇𝑗 𝒙𝑖
2
+ 𝑒𝑥𝑝 ǁ𝜍𝑗 𝒙𝑖 − 1 + ǁ𝜍𝑗 𝒙𝑖

Reconstruction loss Regularization loss

What will happen if we only 

minimize reconstruction error? 
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Intuitive Reason: Want the code to have zero mean and unit variance

෤𝜇𝑗 𝒙𝑖
2
+ 𝑒𝑥𝑝 ǁ𝜍𝑗 𝒙𝑖 − 1 + ǁ𝜍𝑗 𝒙𝑖

Regularization loss

We want ǁ𝜍𝑗 close to 0 

(variance 𝑒𝑥𝑝 ǁ𝜍𝑗 close to 1)



 We have data set 𝒳 = 𝒙1, … , 𝒙𝑁 , and assume each data 
point 𝒙𝑖 is generated according to generative model

𝑝𝜃 𝒙 = න 𝑝𝜃 𝒙|𝒛 𝑝𝜃 𝒛 𝑑𝒛

 Goal: Maximum log-likelihood parameter estimation:
𝜃∗ = max

𝜃∈Θ
𝑝𝜃 𝒳 = max

𝜃∈Θ
log 𝑝𝜃 𝒳

 If each data point 𝒙𝑖 is generated independently, then

log 𝑝𝜃 𝒳 = log ෑ
𝑖=1

𝑁

𝑝𝜃 𝒙𝑖 =෍
𝑖=1

𝑁

log 𝑝𝜃 𝒙𝑖

𝑝𝜃 𝒙𝑖 = න 𝑝𝜃 𝒙𝑖|𝒛𝑖 𝑝𝜃 𝒛𝑖 𝑑𝒛𝑖

 Introduce latent variables 𝒵 = 𝒛1, … , 𝒛𝑁 , where 𝒛𝑖 indicates 
the latent code of 𝒙𝑖.
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𝒙

𝒛 ∈ ℝ𝑚

∈ ℝ𝑀

Latent variable

(not directly observable)

Data point

(directly observable)

𝑝𝜃 𝒙|𝒛



log 𝑝𝜃 𝒳 = න 𝑞𝜙(𝒵|𝒳) log 𝑝𝜃 𝒳 𝑑𝒵

= න 𝑞𝜙(𝒵|𝒳) log
𝑝𝜃 𝒵,𝒳

𝑞𝜙 𝒵|𝒳
− log

𝑝𝜃 𝒵|𝒳

𝑞𝜙 𝒵|𝒳
𝑑𝒵

= න 𝑞𝜙(𝒵|𝒳) log
𝑝𝜃 𝒵,𝒳

𝑞𝜙 𝒵|𝒳
𝑑𝒵 + 𝐾𝐿 𝑞𝜙 ∙ 𝒳 , 𝑝𝜃 ∙ |𝒳
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Intractable but always ≥ 0Tractable lower bound

𝐿𝑏(𝑝𝜃 , 𝑞𝜙, 𝒳)

log 𝑝𝜃 𝒳

𝐿𝑏

𝐾𝐿

log 𝑝𝜃 𝒳
𝐿𝑏

𝐾𝐿
Fix 𝑝𝜃 and increase 

𝐿𝑏 by adjusting 𝑞𝜙

log 𝑝𝜃 𝒳
𝐿𝑏

𝐾𝐿

Fix 𝑞𝜙 and increase 

𝐿𝑏 by adjusting 𝑝𝜃



 Randomly initialize parameters 𝜃(1).

 Iterate through step t=1,2,…

Expectation Step (E-step): Compute

𝑄 𝜃 𝜃(𝑡) =෍

𝒵

𝑝 𝒵 𝒳; 𝜃(𝑡) log 𝑝 𝒳, 𝒵; 𝜃

Maximization Step (M-step): Choose
𝜃(𝑡+1) = 𝑎𝑟𝑔max

𝜃∈Θ
𝑄 𝜃 𝜃(𝑡)
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Fix 𝑝𝜃 and increase 

𝐿𝑏 by adjusting 𝑞𝜙

Fix 𝑞𝜙 and increase 

𝐿𝑏 by adjusting 𝑝𝜃

log 𝑝𝜃(𝑡) 𝒳

𝐿𝑏

𝐾𝐿

log 𝑝𝜃(𝑡) 𝒳 𝐿𝑏

𝐾𝐿

log 𝑝𝜃(𝑡+1) 𝒳
𝐿𝑏

𝐾𝐿

Adjust 𝑞𝜙 to decrease 𝐾𝐿 𝑞𝜙 ∙ 𝒳 , 𝑝𝜃(𝑡) ∙ |𝒳

will make 𝑞𝜙 ∙ 𝒳 ≈ 𝑝𝜃(𝑡) ∙ |𝒳

Fix 𝑞𝜙 and adjust 𝑝𝜃 to maximize

𝐿𝑏 𝑝𝜃 , 𝑞𝜙, 𝒳 = 𝔼𝒵~𝑞𝜙 ∙ 𝒳 log
𝑝𝜃 𝒳,𝒵

𝑞𝜙 𝒵|𝒳

is equivalent to maximizing

𝔼𝒵~𝑞𝜙 ∙ 𝒳 log 𝑝𝜃 𝒳,𝒵 ≈ 𝑄 𝜃 𝜃(𝑡)

approx. 𝑝𝜃(𝑡) ∙ |𝒳 EM Algorithm



 Goal: Adjust 𝑝𝜃 and 𝑞𝜙 to maximize

𝐿𝑏 𝑝𝜃, 𝑞𝜙, 𝒳 = 𝔼𝒵~𝑞𝜙 ∙ 𝒳 log
𝑝𝜃 𝒳,𝒵

𝑞𝜙 𝒵|𝒳

= 𝔼𝒵~𝑞𝜙(∙|𝒳) log
𝑝𝜃 𝒳|𝒵

𝑞𝜙 𝒵|𝒳
+ 𝔼𝒵~𝑞𝜙(∙|𝒳) log 𝑝𝜃 𝒵

 Assume 𝒙1, 𝒛1 , … , (𝒙𝑁, 𝒛𝑁) are independent w.r.t. 𝑝𝜃 and 𝑞𝜙, then

𝑞𝜙 𝒵|𝒳 = ෑ
𝑖=1

𝑁

𝑞𝜙 𝒛𝑖|𝒙𝑖 , 𝑝𝜃 𝒳|𝒵 =ෑ
𝑖=1

𝑁

𝑝𝜃 𝒙𝑖|𝒛𝑖 , 𝑝𝜃 𝒵 =ෑ
𝑖=1

𝑁

𝑝𝜃 𝒛𝑖

𝔼𝒵~𝑞𝜙(∙|𝒳) log
𝑝𝜃 𝒳|𝒵

𝑞𝜙 𝒵|𝒳
=෍

𝑖=1

𝑁

𝔼𝒵~𝑞𝜙(∙|𝒳) log
𝑝𝜃 𝒙𝑖|𝒛𝑖
𝑞𝜙 𝒛𝑖|𝒙𝑖

=෍
𝑖=1

𝑁

𝔼𝒛𝑖~𝑞𝜙(∙|𝒙𝑖) log
𝑝𝜃 𝒙𝑖|𝒛𝑖
𝑞𝜙 𝒛𝑖|𝒙𝑖

𝔼𝒵~𝑞𝜙(∙|𝒳) log 𝑝𝜃 𝒵 =෍
𝑖=1

𝑁

𝔼𝒵~𝑞𝜙(∙|𝒳) log 𝑝𝜃 𝒛𝑖 =෍
𝑖=1

𝑁

𝔼𝒛𝑖~𝑞𝜙(∙|𝒙𝑖) log 𝑝𝜃 𝒛𝑖

Hence

𝐿𝑏 𝑝𝜃 , 𝑞𝜙, 𝒳 =෍
𝑖=1

𝑁

𝔼𝒛𝑖~𝑞𝜙(∙|𝒙𝑖) log
𝑝𝜃 𝒙𝑖|𝒛𝑖
𝑞𝜙 𝒛𝑖|𝒙𝑖

+ log 𝑝𝜃 𝒛𝑖
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 Assume latent code has Gaussian prior, and both encoder/decoder 
described by Gaussian distributions: 𝑝𝜃 𝒛 = 𝒩 𝒛; 𝟎, 𝑰 , 𝑝𝜃 𝒙|𝒛 =
𝒩 𝒙; 𝝁𝜃(𝒛), 𝚺𝜃(𝒛) , 𝑞𝜙 𝒛|𝒙 = 𝒩 𝒛; ෥𝝁𝜙(𝒙), ෩𝚺𝜙(𝒙) .
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෩𝚺𝜙
1/2

𝒙
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NN

Decoder

×

+ ෝ𝒙
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𝒛

𝒆~𝒩 𝟎, 𝑰𝑀

𝑝𝜃 ∙ |𝒛



 Assume latent code has Gaussian prior, and both encoder/decoder 
described by Gaussian distributions: 𝑝𝜃 𝒛 = 𝒩 𝒛; 𝟎, 𝑰 , 𝑝𝜃 𝒙|𝒛 =
𝒩 𝒙; 𝝁𝜃(𝒛), 𝚺𝜃(𝒛) , 𝑞𝜙 𝒛|𝒙 = 𝒩 𝒛; ෥𝝁𝜙(𝒙), ෩𝚺𝜙(𝒙) .  Then

𝔼𝒛𝑖~𝑞𝜙(∙|𝒙𝑖) log
𝑝𝜃 𝒙𝑖|𝒛𝑖
𝑞𝜙 𝒛𝑖|𝒙𝑖

+ log 𝑝𝜃 𝒛𝑖 = 𝔼𝒛𝑖~𝒩 ෥𝝁𝜙(𝒙𝑖),෩𝚺𝜙(𝒙𝑖)
log

𝒩 𝒙𝑖; 𝝁𝜃(𝒛𝑖), 𝚺𝜃(𝒛𝑖)

𝒩 𝒛𝑖; ෥𝝁𝜙(𝒙𝑖), ෩𝚺𝜙(𝒙𝑖)
+ log𝒩 𝒛𝑖; 𝟎, 𝑰

= 𝔼𝒛𝑖~𝒩 ෥𝝁𝜙(𝒙𝑖),෩𝚺𝜙(𝒙𝑖)
log𝒩 𝒙𝑖; 𝝁𝜃(𝒛𝑖), 𝚺𝜃(𝒛𝑖) + log

𝒩 ෥𝝁𝜙(𝒙𝑖); 𝟎, 𝑰

𝒩 ෥𝝁𝜙(𝒙𝑖); ෥𝝁𝜙(𝒙𝑖), ෩𝚺𝜙(𝒙𝑖)
−
𝑇𝑟 ෩𝚺𝜙 𝒙𝑖 − 𝑰

2

= 𝔼
𝒛𝑖~𝒩 ෥𝝁𝜙 𝒙𝑖 ,෩𝚺𝜙 𝒙𝑖

log
1

2𝜋 𝑀 𝚺𝜃 𝒛𝑖
exp −

1

2
𝒙𝑖 − 𝝁𝜃 𝒛𝑖

𝑇
𝚺𝜃 𝒛𝑖

−1 𝒙𝑖 − 𝝁𝜃 𝒛𝑖

+ log

1

2𝜋 𝑚
exp −

1
2

෥𝝁𝜙 𝒙𝑖
2

ൗ1 2𝜋 𝑚 ෩𝚺𝜙 𝒙𝑖

−
𝑇𝑟 ෩𝚺𝜙 𝒙𝑖 − 𝑰

2

= 𝔼
𝒛𝑖~𝒩 ෥𝝁𝜙 𝒙𝑖 ,෩𝚺𝜙 𝒙𝑖

log
1

2𝜋 𝑀 𝚺𝜃 𝒛𝑖
−
1

2
𝒙𝑖 − 𝝁𝜃 𝒛𝑖

𝑇
𝚺𝜃 𝒛𝑖

−1 𝒙𝑖 − 𝝁𝜃 𝒛𝑖 +
1

2
log 𝚺𝜃 𝒛𝑖

−
1

2
෥𝝁𝜙 𝒙𝑖

2
−
𝑇𝑟 ෩𝚺𝜙 𝒙𝑖 − 𝑰

2
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Lemma: Let 𝛏~𝒩 ෥𝛍, ෩𝚺 be a Gaussian-distributed r.v. in ℝm, then

𝔼𝝃~𝒩 ෥𝝁,෩𝜮 log𝒩 𝝃; 𝝁, 𝜮 = log
1

2𝜋 𝑚 𝜮
−
1

2
෥𝝁 − 𝝁 𝑇𝜮−1 ෥𝝁 − 𝝁 + 𝑇𝑟 ෩𝜮𝜮−1

= log𝒩 ෥𝝁; 𝝁, 𝜮 − 𝑇𝑟 ෩𝜮𝜮−1 /2

In particular, if ෥𝝁 = 𝝁, ෩𝜮 = 𝜮, then

𝔼𝝃~𝒩 𝝁,𝜮 log𝒩 𝝃; 𝝁, 𝜮 = −
𝑚

2
log 2𝜋𝑒 𝜮 1/𝑚

Proof:

𝔼𝝃~𝒩 ෥𝝁,෩𝜮 log𝒩 𝝃; 𝝁, 𝜮 = 𝔼𝝃~𝒩 ෥𝝁,෩𝜮 log
1

(2𝜋)𝑚 𝜮
−
1

2
𝝃 − 𝝁 𝑇𝜮−1 𝝃 − 𝝁

= log
1

(2𝜋)𝑚 𝜮
−
1

2
𝔼𝝃~𝒩 ෥𝝁,෩𝜮 𝑇𝑟 𝝃 − 𝝁 𝑇𝜮−1 𝝃 − 𝝁

= log
1

2𝜋 𝑚 𝜮
−
1

2
𝑇𝑟 𝔼𝝃~𝒩 ෥𝝁,෩𝜮 𝝃 − 𝝁 𝝃 − 𝝁 𝑇𝜮−1

= log
1

2𝜋 𝑚 𝜮
−
1

2
𝑇𝑟 𝔼𝝃~𝒩 ෥𝝁,෩𝜮 𝝃 − 𝝁 𝝃 − 𝝁 𝑇𝜮−1

= log
1

2𝜋 𝑚 𝜮
−
1

2
𝑇𝑟 𝔼𝝃′~𝒩 𝟎,෩𝜮 𝝃′ + ෥𝝁 − 𝝁 𝝃′ + ෥𝝁 − 𝝁 𝑇𝜮−1

= log
1

2𝜋 𝑚 𝜮
−
1

2
𝑇𝑟 ෩𝜮 + ෥𝝁 − 𝝁 ෥𝝁 − 𝝁 𝑇 𝜮−1 = log

1

2𝜋 𝑚 𝜮
−
1

2
෥𝝁 − 𝝁 𝑇𝜮−1 ෥𝝁 − 𝝁 + 𝑇𝑟 ෩𝜮𝜮−1

2019/12/6ML 2019 Fall 12



2019/12/6ML 2019 Fall 13

 For simplicity, assume 𝚺𝜃 𝒛𝑖 = 𝑰, ෩𝚺𝜙 𝒙 = 𝑑𝑖𝑎𝑔( ෤𝜎𝜙,1
2 𝒙 ,… , ෤𝜎𝜙,𝑚

2 𝒙 ).

NN

Encoder
𝒙

×

+

𝒛

෤𝜇1
෤𝜇2

෤𝜇𝑚
⋮

෤𝜎1
෤𝜎2

෤𝜎𝑚
⋮

ǁ𝑒1
ǁ𝑒2

ǁ𝑒𝑚
⋮

𝑐1
𝑐2

𝑐𝑚
⋮

𝑞𝜙 ∙ |𝒙

NN

Decoder

×

+

𝜇1
𝜇2

𝜇𝑀
⋮

1
1

1
⋮

𝑒1
𝑒2

𝑒𝑀
⋮

ෝ𝒙

𝑝𝜃 ∙ |𝒛



 For simplicity, assume 𝚺𝜃 𝒛𝑖 = 𝑰, ෩𝚺𝜙 𝒙 = 𝑑𝑖𝑎𝑔( ෤𝜎𝜙,1
2 𝒙 ,… , ෤𝜎𝜙,𝑚

2 𝒙 ), then

𝔼𝒛𝑖~𝑞𝜙(∙|𝒙𝑖) log
𝑝𝜃 𝒙𝑖|𝒛𝑖
𝑞𝜙 𝒛𝑖|𝒙𝑖

+ log 𝑝𝜃 𝒛𝑖

= 𝔼𝒛𝑖~𝒩 ෥𝝁𝜙(𝒙𝑖),෩𝚺𝜙(𝒙𝑖)
log

1

(2𝜋)𝑀 𝚺𝜃(𝒛𝑖)
−
1

2
(𝒙𝑖 − 𝝁𝜃(𝒛𝑖))

𝑇𝚺𝜃(𝒛𝑖)
−1(𝒙𝑖 − 𝝁𝜃(𝒛𝑖)) +

1

2
log 𝚺𝜃(𝒛𝑖) −

1

2
෥𝝁𝜙 𝒙𝑖

2

−
1

2
𝑇𝑟 ෩𝚺𝜙 𝒙𝑖 − 𝑰 = log

1

2𝜋 𝑀
−
1

2
𝔼
𝒛𝑖~𝒩 ෥𝝁𝜙 𝒙𝑖 ,෩𝚺𝜙 𝒙𝑖

𝒙𝑖 − 𝝁𝜃 𝒛𝑖
2 + ෥𝝁𝜙 𝒙𝑖

2
+෍

𝑗=1

𝑚

෤𝜎𝜙,𝑗
2 𝒙𝑖 − log ෤𝜎𝜙,𝑗

2 𝒙𝑖 − 1

Hence maximizing

𝐿𝑏 𝑝𝜃, 𝑞𝜙, 𝒳 = 𝑁 log
1

2𝜋 𝑀
−
1

2
෍

𝑖=1

𝑁

𝔼
𝒛𝑖~𝒩 ෥𝝁𝜙 𝒙𝑖 ,෩𝚺𝜙 𝒙𝑖

𝒙𝑖 − 𝝁𝜃 𝒛𝑖
2 + ෥𝝁𝜙 𝒙𝑖

2
+෍

𝑗=1

𝑚

෤𝜎𝜙,𝑗
2 𝒙𝑖 − log ෤𝜎𝜙,𝑗

2 𝒙𝑖 − 1

Is equivalent to minimizing

෍
𝑖=1

𝑁

𝔼
𝒛𝑖~𝒩 ෥𝝁𝜙 𝒙𝑖 ,෩𝚺𝜙 𝒙𝑖

𝒙𝑖 − 𝝁𝜃 𝒛𝑖
2 + ෥𝝁𝜙 𝒙𝑖

2
+෍

𝑗=1

𝑚

෤𝜎𝜙,𝑗
2 𝒙𝑖 − 1 + log ෤𝜎𝜙,𝑗

2 𝒙𝑖
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Approx. expectation by sample mean



2019/12/6ML 2019 Fall 15

 For simplicity, assume 𝚺𝜃 𝒛𝑖 = 𝑰, ෩𝚺𝜙 𝒙 = 𝑑𝑖𝑎𝑔( ෤𝜎𝜙,1
2 𝒙 ,… , ෤𝜎𝜙,𝑚

2 𝒙 ).

NN

Encoder
𝒙

×

+

𝒛

෤𝜇1
෤𝜇2

෤𝜇𝑚
⋮

෤𝜎1
෤𝜎2

෤𝜎𝑚
⋮

ǁ𝑒1
ǁ𝑒2

ǁ𝑒𝑚
⋮

𝑐1
𝑐2

𝑐𝑚
⋮

𝑞𝜙 ∙ |𝒙

NN

Decoder

×

+

𝜇1
𝜇2

𝜇𝑀
⋮

1
1

1
⋮

𝑒1
𝑒2

𝑒𝑀
⋮

ෝ𝒙

𝑝𝜃 ∙ |𝒛

𝐿𝑉𝐴𝐸 =෍
𝑖=1

𝑁

𝒙𝑖 − ෝ𝒙𝑖
2 +෍

𝑗=1

𝑚

෤𝜇𝑗 𝒙𝑖
2
+ ෤𝜎𝑗

2 𝒙𝑖 − 1 + log ෤𝜎𝑗
2 𝒙𝑖



Take ǁ𝜍𝑗 𝒙𝑖 = log ෤𝜎𝑗
2 𝒙𝑖

NN

Encoder
input NN

Decoder
output

×

+

Original 

Code

Code with 

noise

exp

෤𝜇1
෤𝜇2

෤𝜇𝑚
⋮

ǁ𝜍1/2

ǁ𝜍2/2

ǁ𝜍𝑚/2
⋮

ǁ𝑒1
ǁ𝑒2

ǁ𝑒𝑚
⋮

𝒛

𝑐1
𝑐2

𝑐𝑚
⋮𝒙

ෝ𝒙

𝐿𝑉𝐴𝐸 =෍
𝑖=1

𝑁

𝒙𝑖 − ෝ𝒙𝑖
2 +෍

𝑗=1

𝑚

෤𝜇𝑗 𝒙𝑖
2
+ 𝑒𝑥𝑝 ǁ𝜍𝑗 𝒙𝑖 − 1 + ǁ𝜍𝑗 𝒙𝑖

Minimize


